We prove that Killing horizons in massive IIA supergravity preserve an even number of supersymmetries, and that their symmetry algebra contains an sl(2, R) subalgebra, confirming the conjecture of [5] . We also prove a new class of Lichnerowicz type theorems for connections of the spin bundle whose holonomy is contained in a general linear group.
Introduction
It has been known for some time that there is (super)symmetry enhancement near black hole and brane horizons. This has been observed on a case by case basis, see e.g. [1, 2, 3] , and it has been extensively used in the development of the AdS/CFT correspondence [4] . Recently, it has been realized that the (super)symmetry enhancement near Killing horizons is a generic phenomenon which depends only on the smoothness of the fields and some global assumptions on the spatial horizon sections. The concise conjecture has been stated in [5] , following some earlier results in [6] and [7] . This conjecture includes all the (super)symmetry enhancement phenomena near black hole Killing horizons as special cases. So far the conjecture has been verified in a variety of theories which include the minimal 5-dimensional gauged supergravity, M-theory, and IIB and IIA supergravities [6, 5, 7, 8] .
In this paper, we shall prove the conjecture of [5] for the massive IIA horizons, i.e. the Killing horizons of massive IIA supergravity. This in particular implies that massive IIA horizons with smooth fields and spatial horizon sections, S, which are compact without boundary:
• Preserve an even number of supersymmetries 1) where N − is the dimension of the kernel of a Dirac like operator D (−) on S which depends on the fluxes.
• The symmetry group of all such horizons contains an sl(2, R) subalgebra.
The proof of the conjecture for massive IIA horizons is similar to that given in [8] for standard IIA horizons but there is a key difference. Massive IIA supergravity has a negative cosmological constant. The proof of the conjecture relies on the application of the maximum principle to demonstrate certain Lichnerowicz type theorems. In turn the application of the maximum principle requires the positive semi-definiteness of a certain term which depends the fluxes. The existence of a negative cosmological constant in the theory has the potential of invalidating the arguments based on the maximum principle as it can contribute with the opposite sign in the expressions required for the application of the maximum principle. We show that this is not the case and therefore the conjecture can be extended to massive IIA horizons.
Nevertheless many of the steps in the proof of the conjecture for massive IIA horizons are similar to those presented for IIA horizons in [8] . Because of this, in the main body of the paper, we shall state the key statements and formulae required for the proof of the conjecture. The detailed proofs of these are presented in the appendices. This paper is organised as follows. In section 2, we show that massive IIA horizons preserve an even number of supersymmetries. In section 3, we demonstrate that the symmetry of massive IIA horizons includes an sl(2, R) subalgebra. In addition, in appendix A, we give the field equations of the near horizon fields. In appendix B, we identify the independent KSEs of the near horizon geometries. In appendix C, we derive some key formulae which are required for the proof of Lichnerowicz type theorems for D (±) operators, and in appendix D we present some identities which are necessary to demonstrate the sl(2, R) invariance of massive IIA horizons.
2 Supersymmetry enhancement
Independent KSEs
The first part of the conjecture states that massive IIA horizons preserve an even number of supersymmetries. In particular, if the massive IIA horizons admit one supersymmetry, then this enhances to two. To prove this, we solve the KSEs of massive IIA supergravity [11] 
for the near horizon fields
where ǫ is a commuting Majorana Spin(9, 1) spinor and we have introduced the frame
This expression for the near horizon fields is similar to that for the IIA case in [8] though their dependence on the gauge potentials is different. The massive theory contains an additional parameter m, the mass term, and the fields and both the gravitino and dilatino KSEs depend on it, see appendix A. Furthermore, the Bianchi identities relate some of the components of the near horizon fields. In particular, M, T and Y are not independent, see again appendix A. The dependence on the coordinates u, r is given explicitly and all the fields depend on the coordinates y I of the spatial horizon section S defined by u = r = 0. The KSEs of massive IIA supergravity can be solved along the lightcone directions. The solution is
and
where
Γ ± ǫ ± = 0, and η ± = η ± (y) depend only on the coordinates y of the spatial horizon section S. Both η ± are sections of the Spin(8) bundle over S associated with the Majorana representation.
Substituting the spinor ǫ given in (2.5) into the KSEs (2.1) and (2.2), one obtains a large number of conditions given in appendix B. To describe the remaining independent KSEs consider the operators
These are derived from the naive restriction of the supercovariant derivative and the dilatino KSE on S.
Theorem: The remaining independent KSEs are
Moreover if η − solves the KSEs, then
is also a solution.
Proof: The proof is given in appendix B.
Lichnerowicz type theorems for D (±)
To proceed with the proof of the first part of the conjecture define the modified horizon Dirac operators as
with
are the horizon Dirac operators associated with the supercovariant derivatives ∇ (±) .
Theorem: Let S and the fields satisfy the conditions for the maximum principle to apply, e.g. the fields are smooth and S is compact without boundary. Then there is a 1-1 correspondence between the zero modes of D (+) and the η + Killing spinors, i.e.
Proof: It is evident that if η + is a Killing spinor, then it is a zero mode of D (+) . To prove the converse, assuming that η + is a zero mode of D (+) and after using the field equations and Bianchi identities, one can establish the identity, see appendix C,
for some κ ∈ R. Provided that κ is chosen in the interval (− , 0), the theorem follows as an application of the maximum principle.
Let us turn to investigate the relation between Killing spinors and the zero modes of the D (−) operator.
Theorem: Let S be compact without boundary and the horizon fields be smooth. There is a 1-1 correspondence between the zero modes of D (−) and the η − Killing spinors, i.e.
Proof: It is clear that if η − is a Killing spinor, then it is a zero mode of D (−) . To prove the converse, if η − is a zero mode of D (−) , then upon using the field equations and Bianchi identities one can establish the formula, see appendix C,
20)
The theorem follows after integrating the above formula over S using Stokes' theorem for κ ∈ (− 1 4 , 0).
Index theory and supersymmetry enhancement
To prove the first part of the conjecture, we shall establish the theorem:
Theorem: The number of supersymmetries preserved by massive IIA horizons is even.
Proof: Let N ± be the number of η ± Killing spinors. As a consequence of the two theorems we have established in the previous section N ± = dim Ker D (±) . The Spin(9, 1) bundle over the spacetime decomposes as S + ⊕ S − upon restriction to S. Furthermore S + and S − are isomorphic as Spin (8) is the same as the principal symbol of the standard Dirac operator acting on Majorana but not-Weyl spinors, the index vanishes [13] . Therefore
. On the other hand, one can establish 22) and so
Therefore, we conclude that N + = N − and so the number of supersymmetries of massive
3 The sl(2, R) symmetry of massive IIA horizons
We shall demonstrate the existence of the sl(2, R) symmetry of massive IIA horizons by directly constructing the vector fields on the spacetime generated by the action of sl(2, R).
In turn the existence of such vector fields is a consequence of the property that massive IIA horizons admit an even number of supersymmetries. We have seen that if η − is a Killing spinor, then η + = Γ + Θ − η − is also a Killing spinor provided that η + = 0. It turns out that under certain conditions this is always possible.
Lemma: Suppose that S and the fields satisfy the requirements for the maximum principle to apply. Then
Proof: We shall prove this by contradiction. Assume that Θ − has a non-trivial kernel, so there is η − = 0 such that Θ − η − = 0. In such a case, (B.3) gives ∆ η − , η − = 0. Thus ∆ = 0, as η − is no-where vanishing.
Next the gravitino KSE ∇ (−) η − = 0 together with η − , Γ i Θ − η − = 0 imply that
On taking the divergence of this expression, eliminating∇ i h i upon using (A.17), and after setting ∆ = 0, one finds
The maximum principle implies that η − 2 is constant. However, the remainder of (3.3) can never vanish, due to the quadratic term in m. So there can be no solutions, with m = 0, such that η − = 0 is in the Kernel of Θ − , and so Ker Θ − = {0}.
sl(2, R) symmetry
Using η − and η + = Γ + Θ − η − and the formula (2.5), one can construct two linearly independent Killing spinors on the spacetime as
It is known from the general theory of supersymmetric massive IIA backgrounds that for any Killing spinors ζ 1 and ζ 2 the dual vector field K(ζ 1 , ζ 2 ) of the 1-form bilinear
is a Killing vector and leaves invariant all the other fields of the theory. Evaluating, the vector field bilinears of the Killing spinors ǫ 1 and ǫ 2 , we find that
where we have setṼ
is a vector field on S. To derive the above expressions for the Killing vector fields, we have used the identities
which follow from the first integrability condition in (B.1), η + = const and the KSEs of η + .
Theorem: The Lie bracket algebra of K 1 , K 2 and K 3 is sl(2, R).
Proof: Using the identities summarised in appendix D, one can demonstrate after a direct computation that
This proves the theorem and the last part of the conjecture.
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Appendix A Horizon Field equations and Bianchi Identities
The bosonic fields of massive IIA supergravity [11] are the spacetime metric g, the dilaton Φ, the 2-form NS-NS gauge potential B, and the 1-form and the 3-form RR gauge potentials A and C, respectively. The theory also includes a mass parameter m which induces a negative cosmological constant in the theory. In addition, fermionic fields of the theory are a Majorana gravitino and dilatino which are set to zero in all the computations that follow. The bosonic field strengths of massive IIA supergravity [11] in the conventions of [12] are
implying the Bianchi identities
The bosonic part of the massive IIA action in the string frame is
This leads to the Einstein equation
and the dilaton field equation
the 2-form field equation
the 3-form field equation
and the 4-form field equation
Adapting Gaussian null coordinates [9, 10] near massive IIA Killing horizons, one finds
where ∆ is a function, h, L and T are 1-forms, X, M andF are 2-forms, Y,H are 3-forms andG is a 4-form on the spatial horizon section S. The dilaton Φ is also taken as a function on S.
Substituting the fields (2.3) into the Bianchi identities of massive IIA supergravity, one finds that
where d h θ ≡ dθ − h ∧ θ for any form θ. Similarly, the independent field equations of the near horizon fields are as follows. The 2-form field equation (A.6) gives
the 3-form field equation (A.7) gives
and the 4-form field equation (A.8) gives
where∇ is the Levi-Civita connection of the metric on S. In addition, the dilaton field equation (A.5) becomes
(A.16) It remains to evaluate the Einstein field equation. This gives
whereR denotes the Ricci tensor of S.
There are additional Bianchi identities and field equations which however are not independent of those we have stated above. We give these because they are useful in many of the intermediate computations. In particular, we have the additional Bianchi identities
There are also additional field equations given by 
B Integrability conditions and KSEs
Substituting the solution (2.5) of the KSEs along the light cone directions back into the gravitino KSE (2.1), and appropriately expanding in the r and u coordinates, we find that for the µ = ± components, one obtains the additional conditions
Similarly the µ = i component of the gravitino KSEs gives
where we have set
We shall demonstrate that all the above conditions are not independent and follow upon using the field equations and the Bianchi identities from those in (2.11). Similarly, substituting the solution of the KSEs (2.5) into the dilatino KSE (2.2) and expanding appropriately in the r and u coordinates, we find
Again, these are not independent of those in (2.11). 
Then consider the following, where the first terms cancel from the definition of curvature,
The expression in (B.11) vanishes on making use of (B.7), as A 1 = 0 is equivalent to the + component of (B.7). However a non-trivial identity is obtained by using (B.9) in (B.10), and expanding out the A 1 terms. Then, on adding (B.10) to the LHS of (B.5), with τ + eliminated in favour of η + as described above, one obtains the following 
B.1.2 The (B.8) condition
Let us define
where A 2 equals the expression in (B.8). One obtains the following identity
We have made use of the + component of (B.4) in order to evaluate the covariant derivative in the above expression. In addition we have made use of the Bianchi identities (A.10) and the field equations (A.11)-(A.16).
B.1.3 The (B.1) condition
In order to show that (B.1) is implied by the independent KSEs we can compute the following,
and where we use the + component of (B.4) to evaluate the covariant derivative terms. In order to obtain (B.1) from these expressions we make use of the Bianchi identities (A.10), the field equations (A.11)-(A.16), in particular in order to eliminate the (∇Φ) Since φ + = η + + uΓ + Θ − η − , we must consider the part of the + component of (B.7) which is linear in u. On defining
one finds that the u-dependent part of (B.7) is proportional to
We have made use of the − component of (B.4) in order to evaluate the covariant derivative in the above expression. In addition we have made use of the Bianchi identities (A.10) and the field equations (A.11)-(A.16).
B.1.5 The (B.2) condition
In order to show that (B.2) is implied by the independent KSEs we will show that it follows from (B.1). First act on (B.1) with the Dirac operator Γ i∇ i and use the field equations (A.11) -(A.16) and the Bianchi identities to eliminate the terms which contain derivatives of the fluxes and then use (B.1) to rewrite the dh-terms in terms of ∆. Then use the conditions (B.4) and (B.5) to eliminate the ∂ i Φ-terms from the resulting expression, some of the remaining terms will vanish as a consequence of (B.1). After performing these calculations, the condition (B.2) is obtained, therefore it follows from section B.1.3 above that (B.2) is implied by (B.4) and (B.7) together with the field equations and Bianchi identities mentioned above.
B.1.6 The (B.3) condition
In order to show that (B.3) is implied by the independent KSEs we can compute the following, 
and where we have made use of the − component of (B.4) to evaluate the covariant derivative terms. The resulting expression corresponds to the expression obtained by expanding out the u-dependent part of the + component of (B.4) by using the − component of (B.4) to evaluate the covariant derivative. We have made use of the Bianchi identities (A.10) and the field equations (A.11)-(A.15).
where F (±) is linear in the fields and W (±)i is a vector. This expression is particularly advantageous, because the first term on the RHS can be rewritten using the horizon Dirac equation, and the second term is consistent with the application of the maximum principle/integration by parts arguments which are required for the generalised Lichnerowicz theorems. In order to rewrite (C.6) in this fashion, note that
One finds that (C.6) is only possible for q = −1 and thus we have
We remark that † is the adjoint with respect to the Spin(8)-invariant inner product , . The choice of inner product is such that
where Γ [k] denote skew-symmetric products of k gamma matrices. For a more detailed explanation see [8] .
It follows that 1 2∇
Using (A.18) and the dilaton field equation (A.16), we get
One obtains, upon using the field equations and Bianchi identities, 
Note that with the exception of the final line of the RHS of (C.13), all terms on the RHS of the above expression give no contribution to the second line of (C.11), using (C.10), since all these terms in (C.13) are anti-Hermitian and thus the bilinears vanish. Furthermore, the contribution to the Laplacian of η + 2 from the final line of (C.13) also vanishes; however the final line of (C.13) does give a contribution to the second line of (C.11) in the case of the Laplacian of η − 2 . We proceed to consider the Laplacians of η ± 2 separately, as the analysis of the conditions imposed by the global properties of S differs slightly in the two cases.
For the Laplacian of η + 2 , we obtain from (C.11):
(C.14)
This proves (2.17). The Laplacian of η − 2 is calculated from (C.11), on taking account of the contribution to the second line of (C.11) from the final line of (C.13). One obtains which imply that LṼ η − 2 = 0. These conditions are similar to those established for M-theory and IIA theory horizons in [7] and [8] , respectively, but of course the dependence of the various tensors on the fields is different. In the special case thatṼ = 0, the horizons are warped products of AdS 2 with S.
